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We show that in a six dimensional model with asymmetric warp there are several shortcuts. Con-
sequences are discussed.
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The ideas of Kaluza and Klein [1], advocating the
physical possibility of extra dimensions in order to
achieve the unication of dierent eld theories, can be
considered as a landmark in Quantum Field Theory.
Such an importance grew specially half a century after
the original works, in the framework of supergravity and
string theories. In the latter, the existence of extra
dimensions is actually enforced by consistency.
Furthermore, new possibilities to realize the extra
dimensions permitted to explore new mechanisms of
explaining unied eld theories. The possibility of
explaining hierarchies in such a context is specially
appealing and has been conrmed in the works of Arkani-
Hamed and others [2,3]. The hierarchy between the
electro-weak ( 100 GeV ) and the Planck (1019 GeV )
scales has been focused by means of the consideration
of extra dimensions at a submilimeter size, which shows
up in a theory of two extra dimensions connecting both
scales. Such an idea replaces the usual one where extra
dimensions should only show up at the Planck scale, and
the tower of massive particles thus generated is above
that level.
Such size constraints on the size of the extra
dimensions constitute drawbacks in the formulation of
the theory.
More recently, Randall and Sundrum [4,5] proposed a
model -or rather a class of models- where there is a warp
factor in the metric, such that even innitely large extra
dimensions are allowed.
We proposed a simple calculation to establish the
shortest path followed by a graviton [6], which
propagating in all dimensions in the so called bulk, could
in principle follow a path which decouples from the brane,
that is, from our universe, returning later to another
point advanced in time with respect to a photon, which
by construction must follow a path in the brane, thus
being delayed. In our previous paper we considered a
model constructed in [8] which was basically a generalized
Friedmann-Robertson-Walker universe with cosmological
constant, with dierent scenarios in the brane (where are
living the Standard Model elds) and in the bulk. The
result was actually a negative one, that is, the shortest
path followed by the graviton was the same as the one
followed by the photon.
In a model introduced by Csaki et. al. [9] the speed of
light along flat four dimensional sections varies over the
extra dimensions due to dierent warp factors for the
space and time coordinates, a construction similar to the
one of Randall and Sundrum. Thus the authors propose
that gravitational waves might travel faster than pho-
tons, which remain in the brane, a possibility forseen by
[10{12]. The delay between electromagnetic and gravity
waves may be experimentally detected with the gravita-
tional waves detectors under way [12,13].
The models are basically AdS-Schwarzschild or AdS-
Reissner-Nordstro¨m black holes in the bulk. They are
based on the Randall-Sundrum scheme [4,5], where a
large mass hierarchy is obtained with uncompactied
dimensions from solutions of Einstein equations in higher
dimensions (i.e. in the bulk) with two separated branes.
The four dimensional part of the metric is multiplied by
a \warp" factor which is a rapidly changing function of
the additional dimension.
Using our previous methods we could actually not
detect a shortcut. We thus considered a six-dimensional
model, such as the one constructed by Kanti et. al. [14].
We searched for a solution of six-dimensional Einstein
equation in AdS space of the form
ds2 = −n2(t, y, z)dt2 + a2(t, y, z)d2k +
+b2(t, y, z)

dy2 + c2(t, y, z)dz2
}
(1)
where d2k represents the metric of the three dimensional
spatial sections with k = −1, 0, 1 corresponding to a
hyperbolic, a flat and an elliptic space, respectively.
The total energy-momentum tensor can be decom-
posed in two parts corresponding to the bulk and the
brane as











diag (−ρ, p, p, p, p^, 0) . (3)
In order to have a well-dened geometry, the metric
must be continuous across the brane; however, its deriva-
tives with respect to z can be discontinuous in the posi-
tion of the brane, generating a Dirac δ function in the sec-
ond derivatives of the metric with respect to z [7]. These
δ function terms must match with the components of the
1
brane energy-momentum tensor (3) in order to satisfy
Einstein equations. Thus, using Einstein equations, we


















fp^ + 3(p + ρ)g .
A metric of the form (1) satisfying six dimensional
Einstein equations is given by





a2(z) = b2(z) = z2/l2 (5)
c2(z) = h−1(z) l2/z2
where l−2 / − ( begin the cosmological constant),
which describes a black hole in the bulk, located at z =
0. We also nd a further solution by means of a Z2
symmetry inverting the space with respect to the brane
position. That is, considering a metric of the form
ds2 = −A2(z)dt2 + B2(z)d2(4) + C2(z)dz2 (6)
and the brane to be dened at z = z0, there is a solution
found as







z2 for z  z0 . (7)
The Z2-symmetry corresponds to z ! z20/z.
The static brane still has to obey the Israel conditions





















Thus, we obtain the brane energy density ρ and the black
























0 0.01 0.02 0.03 0.04 0.05
t
(a)
FIG. 1. z(t) for initial conditions z(0) = z0 = 1,
z˙(0) = −10, corresponding to k = 1 in matter-dominated
era.
where ω = p/ρ.
We consider the metric (1) with d(z) = b(z)b(z) and
nd, following [6], the Euler-Langrange equation which
the shortcut has to obey. We rst choose to work at a
constant y to check on the very possibility of existing
shortcuts. In this case the resulting equation is simple






















= 0 . (11)
For z  z0, a = z/l, n =
p
h(z), and d = 1/
p
h(z).
For z  z0 we have to use the Z2 symmetry showed up in
(7). Some results are typically shown in gure 1 for the
elliptic case. The hyperbolic and flat cases present very
similar results.
We see that no shortcuts appear at constant y.
Instead, all the solutions fall into the black hole horizon.
Solutions to shortcut equations (MDE, k = 1)
y˙ z(t) y(t) Shortcut
0 < y˙ < 1.068 decaying growing no
1.068  y˙  100 parabolic quasilinear grow yes
y˙  100 hyperbolic linear grow no
TABLE I. Solutions to shortcut equations (12)-(13) with
initial conditions y(0) = 0, z(0) = 1, jz˙j = 1 for k = 1,
matter-dominated era.
After this warm up we pass now to the most general
case, including a y dependence on the graviton path.
Notice that this dependence adds a new characteristic
to our graviton, an angular velocity, and therefore, the
2
Solutions to shortcut equations (RDE, k = 1)
y˙ z(t) y(t) Shortcut
0 < y˙ < 0.628 sine-like asymptotic grow yes
0.628  y˙ < 1.087 polynomial quasilinear grow no
1.087  y˙  100 parabolic linear grow yes
y˙  100 hyperbolic linear grow no
TABLE II. Solutions to shortcut equations (12)-(13) with
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FIG. 2. z(t) for initial conditions y(0) = 0, z(0) = z0 = 1,
z˙(0) = −1, corresponding to k = 1 (a) matter-dominated era,
y˙(0) = 1.1; (b) radiation-dominated era, y˙(0) = 0.5.
possibility to \escape" from the black hole. In this case
the two Euler-Lagrange equations are given by









(n2 − d2 _z2)− nn0+










_z _y3 = 0 (12)
and








(n2 − b2 _y2)− 2nn0+
+2bb0 _y2
}





(n2 − b2 _y2) + nn
0 − bb0 _y2
d2

(n2 − b2 _y2) = 0 . (13)
The case _y = 0 is a solution of this set of equations
when at the same time z obeys (11). For solutions of
the above set we use a Maple program checking indepen-
dently with a fortran program. Some results are collected
in Tables I and II. We should notice that for big velocities
some results are unstable and the fact that we did not
nd shortcuts in this region is not a conclusive result. For
k = 0 the results are very similar to Table II, while for
k = −1 they are similar to Table I. We have illustrated
some of these results in gure 2.
Consequences are manyfold. In particular, gravita-
tional waves advanced with respect to photons might be
found in the proposed gravitational antennas under way.
Acknowledgements: This work has been supported
by Fundac~ao de Amparo a Pesquisa do Estado de S~ao
Paulo (FAPESP), Brazil.
[1] T. Kaluza Sitzungsberichte Preussische Akademie der
Wissenschaften K1 966 (1921); O. Klein, Z. F. Physik
37 895 (1926); O. Klein, Nature 118 516 (1926).
[2] N. Arkani-Hamed, S. Dimopoulos and G. Dvali Phys.
Lett. B429 (1998) 263.
[3] I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos and G.
Dvali Phys. Lett. B436 (1998) 257.
[4] L. Randall and R. Sundrum Phys. Rev. Lett. 83 (1999)
3370.
[5] L. Randall and R. Sundrum Phys. Rev. Lett. 83 (1999)
4690.
[6] E. Abdalla, B. Cuadros-Melgar, S. Feng and B. Wang
[hep-th/0109024], to appear in Phys. Rev. D; B. Cuadros-
Melgar, talk at Spanish Relativity Meeting E.R.E.2001.
[7] P. Bine´truy, C. Deffayet and D. Langlois Nucl. Phys.
B565 (2000) 269.
[8] P. Bine´truy, C. Deffayet, U. Ellwanger and D. Langlois
Phys. Lett. B477 (2000) 285.
[9] C. Csa´ki, J. Erlich and C. Grojean Nucl.Phys. B604 312
(2001).
[10] H. Ishihara Phys. Rev. Lett. 86 (2001) 381.
[11] D. J. Chung and K. Freese, Phys. Rev. D62 (2000)
063513.
[12] D. J. Chung, E. W. Kolb and A. Riotto, [hep-
ph/0008126]; D. J. Chung, talk at Santa Fe 2000
Summer Workshop “Supersymmetry, branes and extra
dimensions”.
3
[13] M. A. Clayton and J. W. Moffat, Phys. Lett. B460 (1999)
263. I. T. Drummond [gr-qc/9908058]; M. A. Clayton and
J. W. Moffat, Phys. Lett. B477 (2000) 269.
[14] P. Kanti, R. Madden and K. A. Olive [hep-th/0104177].
4
